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L5.02.10 Introduction to Theory of Operator Algebras with Applications to Mathematics and Physics
-1- Nikolay M. Nikolov
Lecture 1

T 7/}7220%0/0 no aca?uam/m wza5/au

o_ggé &M/oéx ds'soz/m‘lye afoizeérq (xome/(C/m acaguarm//m anzeé})a)
This is a vector space A over C efm'/)/oéa/ with a bilinear
map | the mu[fi/:[imz‘/an: Ax A — A
(a) b) —> a-b

which is agsoclative : a-(b-c) = [ah)«c Vab,ce A.
Biémaﬁ%g means @aﬂ&b)-C: «a.ct+pbc Ve, p € C,

c-(xatpb)=otcatpeb  VYabced,
which include In /:arz‘/cu/ﬂr the distriputive lows.

)

Main exampé: Zez,[ V be a vector space over C,

Endé(/(:z EMV) t= {O(EV'—-DVIG is éinear}

(a+pb)e) = wal)tebfe) ) (a-Be] = a(b(®))
Chd ¢d V Ad v

If V- ¢, then EndV = Mat(n,C).

A\ V4 \

+ 1s the sum of matriws , 7 is the matrix multiplication.

If ab=ba Horadl abed then A is catld
commutative (or Ahedian) a(;clm //(oﬂaqmmlm uru 04y< Aoreﬂefa) .

et. Morphls’m [Maquuyﬂ) of associaltive a?ebms i — T
is a Unear map s.T. [= such that)

la-b)=00@) bls)  (Yabe h)

If instead: V(a'5)= V/HW”/@) , @ is called
antimorphism.



454/&%0 It A= B is an antimorphism then it induces a morphism
2T vq”"’ﬁop) where 7l'm~ an associative a?e,ém ,/

1 he 0lopos:'ie afgzbra AP is defined as the same vector
space A= A (as vect. gp.) but with a mb/////o(/caz//ﬂ) gop

a'(,q"’b = by a

T%e Vza/é’owmg two notions are 371%/‘1/414”%:
g@e_ﬁ Represenim‘/on /npégcméze//é> = 167[5 VMM{MV/Z (/Mé ﬂajyn)

IS a morphfsm: ic a bilinear map :

T+ A — End V AxV — V
(a,0) —> -,

which is associative :
77[6*)'77//3) = 7/‘[51-/3) 4—1———D a-[b-a) = (a-b)&‘
under Jckxz, i&euhf‘\cﬁiw F(a)[(ﬂ = Q-

There are anaé/om “ri;éf" notlons :
\\Anfi~r€presem'fation” = Riak module (gecay M%m)

IS an anfimarph:'SWJf s a bilinear map :
7: 4 — End V VxA — V

(vya) > 0a

which is associalive :
W[a)'ﬁ/b) = 77[17-0.) 4——1:D (U-a)-b = (/”-(a-l;)
wndec the idadification T(a)[vl= a v

‘L@éﬁ Léff/r[g/)f ideal [m«%/gecw ugém) n an assoc.
d/gebm A is a vector Subspace JecA st

Vacd = a-b€T | bael
Vbed (aft) (right)
The latter are dar'f% abbreviated ;533
AT el , J AT (respectively ) .



.zsA.,by.io IfJgedis a left ideal thon 4he 7Maz‘iem‘ space 1/4/\7
3- /qbakrap n‘pompmmlo) has a natural structure of a Left wodute :
demo‘limg the elinents - [cJJ = ¢+ € (///j for ce A

we set : a-l__C}:}:: [Q.c]:} Ofora’% qc¢ /
&rraofmss: [613: [c’jj -?=[> a’[c}:‘ = a. [C'lj

indeed: Ebg def Ebg dof.
c-c'e ] — ac-ac’= a(c~c’)63

M Ze‘[ V be a Fefr‘esem%z‘ion o/ yé’ , Ue V. Set:

A (V) = v{ae A l T(a)[v] =0 } ~ Lhis isa &ft ideal (checé .’>
called amihilation ideal /a//#/wwvf) of V.

Question. Gr a given bft ideal <A is there a representation
Vot ) and veV st T=Amm[lv)?

If 'Hlé d%eém l/4 }las a unit — géf- Beﬁre ex/o/m’n// ﬂ/’s:

3@. A unid in a assoc. a(ﬁ,e/)m A /04 /’—‘fl) & 04

st. la=al=a (Vae%) .

/Mge bra with unit (anzz§,oa ¢ éjﬂﬁbfga) is also called unital déaeém.
MOF(})LFSW; of unital a%é})ms [Mafqézgzw Ha 4//2(5/;)4! €7ﬂhuga)

i¢a morphisw Y — T st in add it on [”//”4)-—*//3.

A wpresentation of unital algebra is a morphism of unital alyebrus
le. 7(],)-= lenay = (dy =~ the idntity map iy, V-V

Precaution: Given a morphisw €: A — B 0”? of assoc. dizﬁrnr
which have units /‘/4) /73 we hve :

(1) ¥o) = ¥((,a) = e(a) = ¥la-ly) = ¥l) p(ly)

Can we aowc444@ ‘HIZM é‘aum‘érexampfe: [e'/ m< n and Consider

that W(@)’ g 7 Hat(n,€)— Hat(n,€) : A o ({71 g>



45”0&1.10 et us return o the answer of the above question.
1 Tk = 4/4/(7 and =[], Then:
A [, = { ae | a-[Ny=0} =T s
a'[”j - [a]j =0 ﬁ}? ae].

The elomeoni [1]\7 has one additional important /w/oem‘y !

3%. ﬂ/ge/?m/ca% 6;546 vector /ﬂAZeS}?w&/{ gumu&h /elamp)
relV/ ina represenyan‘/an @: A= End V is such a vector that

/7/‘/4)- U= {W[ﬂ)(U) ) Qe (74} = V /4 Fe/JfZS‘en?‘m‘/oh ﬁaw’hj a
cchlc vector (s mﬁeof ?c//c rc,ore.rénﬁ;flan ( Lguk/mz’/{a n/péjcm/wkq.

Pmposli'lou 11 let Ve a represenfa%loh of a unital alpebra A
which has a ogo(}c veetor ve V. Then if J= Ann|0)
there is a unique Anear map [ (/4/3 — /' such that

F(10),) = 1@(0) (Yae k).

Furthermore | F ic an isomorphiswn and the /z(/owmoy /mfmm is Commutative
A ¥
A
[:‘Lz JJZF w3 F"(?[ﬂ) =77[q)°l: fora[/qé/
V=V
where “0(0\) stonds /ﬁr e canonical fé/)/?SémlmL/pn 0/04 ou 04/]
pA([e)g )= [ac],
M. Cféa/‘%) F g Mmquz% o(eflneo( ;5; the "‘{é”*iz:i
F([a]:’) = 77(01) (0> (JU,O(GV4> prov.‘dea/ that 1t i correof) i.e.
1
that - [a]y = [aly =0 T@®)(0) = a(«)(v)

tndeed : Ebg def. Ebg dof.
s € 1-hmle) = Ao} -fo)(o) - fa-e o)~




A

£5.02.10 Fmri/nermare) sinee above we had qwivaéna , thew

_5._ i
[C«]:( = [a']j FD F([ajj) = F([a’]:{) le. Fis injective
//:e UHEKYUS = unekrubro 1@70270ﬂ9@/%(€>.

F is also cur/'ecfz’om /c;o/oek({w) Since

Ivage 0—,1 F = 77/04) ((f) = V fémase & (s c;&//c l/éc/ar‘.

%s) F (s an iSoh/wrfA/sm,
7711 0(/%7:‘/”44 18 éyf-/ qér an exeraolse ﬂ/w‘: 4,0/; /07% sides 07[

e endity Fopa) = 16)e F 4o an arbidrary (1, €y ).

]
The o{/mﬁmm in Prapasi*ﬁm 11 s an example of the Vé%“//”f
gehem( mmL/an.

Qéi- led @: h— End V and P A— Eud W be 4wo r?/bresewfm‘iaus
0«/ an as'SoMmL/w alpebm 04 /} &nmr map F V’—b W Ky
called a spé')z,‘v‘img mayp /(Mumbg,o uzodpate e )

or aleo: 4 morphlsm of re/wgew%nhms , - linear wmap

(’H (’—‘ hc amo/ OM% 1][> 'Lzéz ﬁﬂowiuj &//agmm Is wmmu{af/ve
v JE),
F:L l‘: e+ Fenla) :W(n)v F Vﬁé\ﬁl.

W e W
H Fis an I'S'amorf/llsm Fhe l‘epl‘esem"ﬁ/'/an_c are called isomw/,l,;c,

Now he meani ng of Proposition 11. 1s Fhat any 76&5 represeutation
m[ A MMifmZ a/;e/om 04 MB 7La an L<0m0r/>}‘l-¢k4 (c ToOZHOCT Zo
uzomopabuzs #1 ) is of the form (;4/!\7 for some bft ideal

Jed.




,154/(')&].‘10 ém(/m‘Ll.i. Led Vand W be +ws r‘e/)rvsenvLm‘/om of a unital

“6- a%ebmq%) which have &gch vectors veV and we W.
TAZM there exists a Unique isamarph»'sw; FV-’E‘W of the two

rpresentafins <. 4. F[(;) = W _H‘
| /lnn[v) = fnn (w) .

-
@' /WWS/&/M{ M&ag = l'd’ea( /Z%crpa/{wf t(aa,MA = M&&M) J 9!/4
(v an assoclative “’%em A s a left and Fig/ré ldeal .

Thom 17?/\7 has a structure of 4 complex asso Aafive aéy/m
ﬂlmﬂ( %z dﬂnon/ca[ fr‘a/ecvlmn fﬁ 1;4—‘0 //_7 /s a mor/p[/.rm 0‘/

assoc. a@/bms ,

[a]J- [LJJ = [a-b }3
Pr‘oposl?;lam 13 Zevl ' /-* B be a morﬂifm a} MM/I/éA’ associative

a[gebms. %n /(@«-V ‘= {ﬂéﬂ / Y@) =0j is an ldeal .
L( ¢ Is surjective map dion 3 Igmoqo/ncm g 94/&/6“%’ A

<t W _p“’ ﬂ/&rc’ is commutafive y e, = 0o P,
W\Q g 0 where P[m\ = [a]J is %e Canom'm( pra/@of:‘am.

Skeitch of the Proof  Check as an exercise that lor © is an ideal .
T/w la(.em'H-l-g ?{a) = @o p[a) wmeans &”[01) = Q([QJJ) Sinee
p[O\>= [alj log ofevﬁiui'flom. They &’([ﬂﬂc F[ﬂl) Mmﬁue%

dedermines O provided fhad this is correctd | 1.e i
9

[0]3 - [O‘IJJ =D }”[0\) = F[a’) Zhis s verif/ea/ J’lm‘ as i1
@mpas{{'?on {1 (clvecé]) am/ We /lavé evén more
[a]j = [Ol']J &D }”[o.) = P(al) |. 2. ﬁ (S an in/eovz,'om.

(9 is :urjeoﬂom sine ¥ s sur/'ecJ/om,

F.m/z}]) check #hat @ Is a morphisu 9/@)1 f(2)-6(3) . O




45’%’.10 Remark : relation 4o the {Aeorg of representation of imu/os.

Group aggebra (rpgmoga anwdpa) e a finite g/roup G .
G’ _ —5 ~
Qmslc@r‘ (]: Es { > xg eg ' xgé C Jr/gé §} =N

366

g-¢ =2, = [T r2)\. Z ) -
P T @é@”é% (2 %)

- 2 7y, 2.7 - > [ = 17,(7%) z

(6]

R gee | e ;
g%.?:?,h

c‘(ssocmv‘ivh"k Mvws from e 7/%;/0 AS'Sozlmﬁylvéz —  Ctheok |

T/wm we howe Hw »fo/lowm(? e7u.'vence:

@WMP mpregenhhm Rorpescndadron of fhe

@, 6= FndV group “%d"m C d
") 7(%) (Za%) Zam)



NN
5.02.10
4_3_. T ﬂpéwgop Ka HAZGAHUTE NOHATU S

oT 7‘20lbauy Ha b}mxo/u MPOO\)’MKOVéﬂ

/’/ﬂrmeo[ Sﬁaw @apw/m/ta M/om‘;m/{&v‘éo) (S a com éx Vécfor‘

space \/ Q?uiﬂpéc/ with a real vabued funcdton |-V — [0,0)
called wvorm , St

(@) N«v] = [«)Jvll, Ve &  HreV

@) eswl s v+ lwl  YoweV

@‘i) (v]|=0 &> v=0"

Thon the gﬁmoﬁan d:VxV — [Oloo) ) a//v)w) = lo-wl
is a mefric (M,evf)ulca) on

d(v,¢) < d(v,w) + d(w,t) ; dlv,w)=0 o> v=w.

Banach space (Ea/mxa{a n/)oor,m/m{;) is a normed space that
i$ wmp&v‘e metric space w.r.t. (w:‘M respect Jv) d .

TA,L wmp[ﬁ'eness means
if {00, is a (auclg/s fwma{amen{ag sequence
(zfo?»{gmmewmm Péyu%a /Pegu?c‘\ KA /(ol:qo. )

Le if 'l(f‘--b‘;[) —> () thew doel/ st llv-vl]—>0.
jilk® k k=0

H ﬁaﬂws ﬁa’/ ?%/5 o s Mmique ah/ we wr:‘ée VU= &M v .

k00

Ano'éher usevfu( /Mfua /Mﬁy n a /w/‘mw/ 5/mce /5!

T
lel-twt] < ho-wil (VoweV) |1 ”W"}slw-w(|=\.w-w.>
il (4 JR

77'15 iweries Yhat ko norm 1s a contluwous [//enpezzcmTa) ﬁmca‘/ah;
if vy, k—“’ v then bim [|(}k}| = ol since

_ T -l € ool = g

glm?&r%) i «{lfn}::, s qAMndanﬂ?Lﬁ( then 3 lw ”U,‘,”

k-



My Example : € 1s a Banach pac

-9- Main construction of Banach spaces F = Bounded M“PS /M)V>°-
Profos/v@om 14 let M be a ses ) V- Bannch space  and

(7:": "( F:H=V | Fis bounded map  i.e. [FIl < oo})
(orpanuzero 430 dpagenue )

where [|F = P‘“P IF(P)] and 7 is endowed with the vector
space <tructure . (dFT"( F>(p = o Fp) 4 F{P)

DN f\\fl\ m

CF C€F M
%M 9'( Is a @mmc/ Jpace
Proof  IE+ B = cup HAGERARIE w(”ﬁ/p)lh IEMI) <
< sup IR ()] + sp IR < IRI T IB)  The remainig propertis
of 1he norm are S’/ml[al‘%L verified .
(Om,)(zv%zwss.- let R M-V be a epuence of bounde

maps e FEEF ad | Fi=F =0 - Gueby's sequence.

Then - Ilr“(p) Ele) |l < IIF,- F|| (V,eM) > K)o, isa
le_.oo — l,k_,.,o Qudys 2. in V
0 0 =D j,ﬁﬁ ,p) “’FAO).

Why £ s bounded, e NFI<c0 | and why IE-Fll =2 0 1

[0 v contimuons | {Fj s Uzunmmal > b npu

kb oo

Then: |F| =sup[Fe)ll=sup dn |G < fy s IR fr)l = s IF] <

ki p
ok VE-FL - sup llF(r-F(pl ©ep |R0)- oy F.(p)“ -
= s b b |IE (p) EmI < fo o nF(,, f.-/p)“

-6‘ '
I | —0



454/0.&,.}0 kZef. /l/ormeo/ associative a/gebm /acaquqo‘aﬁa dnué;m 4 /wp/m)

-(0- \
S a aomp&x associative n%eb/‘ﬁ %J which is also a normed

Space .t
F o bl < fal 16 (Yabe o)
Banach a/gebm [50”“”‘”/6’ 4//265,0“) is a normed a%zbm Lhat

is a Banach space .

b b

—
) Yk e

gwoé//m%t{ (6. In a normed a/gebm A if a, 72 a
’H!Lm C'(k-bd- > ab

6|k—°oo
Froof. ll“,"b,fﬁ'b“ = | ai-b, = ab, + ab, - a b <

< laal byl « Dot -l o 0.

bounded sequence O

(Wh%t r’.>

Jet. | dnear operator A V=V on a Banaci space Is allod
bounded /ozpauzeu) iff

3 All= sup {IA] | veV | ol =1} < oo (wolation: [l <o)
lorollry L6 |AWDI < IALIE VA with (A<~ and Yoe T,

Proposition L3 let B(V) = { A VeV | 1Al <o cEnd V
for a Banach space V. Then 73(V) is a Banach Z?eérn.

M Lot B, := | e VINl=1] - %e unit sphere
Everg Ae 73(1/) is m@ue? determined /Oq its restriction /4/8

ginee 74[(/‘)= "0‘” 74([(;—”) fvr 40, Then it ﬁ//ou/s 2hat

@(V) — Bounded qus [BUV) is a {inear /'n/'ecf/oh ;
!
which preserves the norms (/; the norm o&flm‘/ms).
7%»15, %[T/) s a normed space .

!



,zs'VbM.la It remalns ?Lo prove that the fmage 0/ %(V) in

-{1 -

Bounded qus ( B, )V> is a clused s’aés',mce .

o4 /}k673(V) be a sequence of bounded ﬂ/erm‘v/:f such that
/4.“/],4” — (], Thav q[DrM/ el :

[ “k—)&o

A (o) - AL < T -AdTob 2 0 A.(0) s
w”"”f“* on the whole V) A{V) = fim /}k(tf) is then a

émar map @avl on B(: Ak'B — A,B, , S0 the /MﬂZ
{
of A“’B N aﬁalw a restriction of a linear map .
1

kﬁh&) AEB(V) and  B(V) is complete .
75(\/) Is a normed q[ﬁeﬁm:

NA-BI = sup [ABD)| s 041 sup 18] = I411B) . O
1= | - |

—

Mﬂ Msua[/g the convergence n B(V) is denoted é; :
A=/ [ﬁﬁb |4, -Al m0>_

givm?éxr%) the convergence W Bonded Maps //V, 7/) is donoted
by F=F (=2 IR-Fl.0)

Blen are caalled unlform wwergem [/oaa’mm/om cxofcwocf)_



I B diveod poof of Proposition {7

(9 -
73)(1/) i< normed gpace : A+ Bl = sup | A()+ B(#) I
lloll =

< sup ([AGIFIBON) < swp 1AGN + sup [B() = |41+ (8]
A= | Il = | lle = |

Uom/o&mu: . bt IA/ -4~ 0 &"6/7 seguence /ﬂ%/ﬁ po b))
Ter HoeV AR -AD] < 14 -Ad Il — o - Goky sopuene
=D I Av) = él:zz Ak(tf> = lnesir opem-/vr on V

Frow  [AN-IAN < 14 -Al =0 = T bu 14

ko0

T AWE- Vo A@ ]l T < b TR A <
be ol Wel=1 10 AEBV) N
WAAd [A-A] -0 A - [(4-4) ()| = sup Lim I (#;-4.) ()]

ISR
< fim  sup “(Aj“Ak)(”)" = &m ﬂAI‘-/Ik [ - 0.



